INTRODUCTION
The Toda flows are examples of integrable Hamiltonian systems which are of great interest from the point of view of pure mathematics as well as in applications. They originated as a description of a 1-dimensional lattice of particles with exponential interaction [29] . Flaschka [14] found a Lax pair for the equations and Moser [25] analyzed the dynamics and scattering behavior of the system. Adler [1] , Kostant [21, 22] and Symes [26, 27] generalized the results to arbitrary Lie algebras. Symes [28] also showed that the Toda equations have a surprising connection with numerical analysis: the time-1 map of the Toda flow is equivalent to the QR algorithm for diagonalizing symmetric matrices (see also [11, 13, 17, 23, 28] ).
Our point of view in this paper also originated from analyzing a problem of numerical importance. In [8, 9] Brockett studied a critical point problem arising from geometrical matching problems in computer vision. He derived the gradient flow associated with the critical point problem and showed that the equations had an elegant Lax pair form. In the case of the orthogonal group these equations give a new method of solving the symmetric eigenvalue problem. In [4] Bloch observed that a particular case of these equations gives the Toda equations in the Flaschka form.
In this paper we announce essentially two results. Firstly, we show how Brockett's equations [L(t) , N]], which can be defined for any real or complex algebra, specialize for suitable N and suitable initial conditions to the generalized Toda lattice equations (in the sense of Kostant and Symes) on any semisimple Lie algebra. In fact, the tridiagonal matrices of the Toda lattice occur naturally as one of a set of invariant subspaces for these equations. Moreover, using the compact real form of the algebra, we show how this approach provides a direct formulation of the Toda lattice equations as a gradient flow. This formulation is quite different from that given by Moser in [25] .
Secondly, again using the compact real form, we show how the fixed points of the equations are the vertices of a convex polytope which is the image of a momentum map associated with the problem. Further, we show that the projection of the Toda flow defined by the momentum map lies in the interior of the polytope. This provides some insight into the convexity results that were observed to be associated with the Toda lattice problem by Deift, Nanda, and Tomei [13] (see also van Moerbeke [31] and Tomei [30] ).
THE GENERALIZED TODA LATTICE EQUATIONS

AND GRADIENT FLOWS ON LlE GROUPS
In this section we show how the generalized Toda lattice equations (see [22, 29] ) may be written as an equation of the form [L(t) , N]], N being fixed. Remarkably, this shows that these flows not only are Hamiltonian but also are gradient flows on a submanifold of an adjoint orbit of a compact Lie group.
Consider first the general case where L and N are taken to be elements of any Lie algebra 9 defined over the real or complex field.
, has been investigated in the special case where the Lie algebra is the unitary algebra and L and N are symmetric (and thus are elements of u(n) after multiplication by i). In that case the equation evolves in the subspace of symmetric matrices.
However, there are other invariant subspaces for the nonlinear operator [L, [L, TV] ] and in the proposition below we describe an invariant subspace in a Lie algebra which enables us to formulate the generalized Toda lattice equations in the form The proposition can be proved by straightforward computation using the Jacobi identity. The main point here is that the Toda flows evolve in a subspace of the form defined in part (ii) of the proposition with r = 1. (For the standard representation of sl(n) this is just the subspace of symmetric tridiagonal matrices.) This subspace is described explicitly in the theorem below.
Proposition, (i)
Now, in what follows, let %? u be a compact Lie algebra, sf a maximal abelian subalgebra, and & the complexification of ( & u , and choose %? = sx? © istf as the Cartan subalgebra of S. We let A denote the system of roots of S defined by %? and choose {hj., e a | j = 1, ... , £ , a e A} , a Chevalley basis of 9, with hj. e sf ; a j, ... , a £ denote the simple roots. (See, for example, [24] .)
Let G and G u denote the Lie groups with Lie algebras & and & u , respectively. We then have the following: where O• P denotes the left translation of P by 6. Projecting onto the adjoint orbit containing Q by setting L = Ad 0 -i(?> we find
Further, the function K(L, N) defined on this adjoint orbit endowed with the "standard" or "normal" metric (see Atiyah [2] ) also has the gradient flow (1.7). Explicitly this metric is given in the following way. Decompose orthogonally, relative to 
= 1
It is a standard result that a^hj) is the Cartan matrix of 9 . Now let a t = 2a i /(a i , a t ), where ( , ) denotes inner product, be a dual root and let A., where (A,, a.) = S n , be the correspond-
e a ] = 1 and the x t are the coefficients of -h$ in the original root basis. Note that TV = -ih$ is also the Cartan part of a principal s7(2) (see [19] ). The coefficients x t (i.e., the solutions of equation (1.4) ) for all the semisimple Lie algebras may be found by consulting [7] .
We remark that the Toda lattice is actually gradient on its restriction to the isospectral set, since it is the restriction of a gradient vector field on a G orbit. There is no suitable metric off the isospectral set. This is in agreement with Moser's form of the gradient flow (see [25] ) given by [12, 15, 30] and used to analyze the topology of isospectral sets of Jacobi (symmetric, tridiagonal) matrices. We have shown that this Morse function actually gives the Toda flow as its gradient flow with respect to a suitable metric and, moreover, we have given a natural generalization of this function to arbitrary semisimple Lie algebras.
THE TODA FLOWS AND THE MOMENTUM MAP
In [13] (see also [30, 31] ) it was observed that the Toda flow could be viewed in a topological sense as lying inside a convex polytope. As discussed in the introduction, here we give some insight into this observation for the generalized Toda lattice equations in terms of the theory of the convexity of the momentum map as developed by Schur-Horn [18] , Kostant [20] , Atiyah [2] , and Guillemin and Sternberg [16] . The key that enables us to do this is the observation in § 1 that the flow of the Toda lattice may be viewed as a gradient flow on a submanifold of an adjoint orbit of the compact real form of the Lie algebra.
As observed by Brockett in [9], one can in fact view the equation [L, N] ] in the Hermitian case as solving a linear programming problem on the convex set defined by the Schur-Horn theorem. This also makes contact with the problem of minimizing the Total Least Squares function (see [3, 4, 10] ). Sketch of Proof. T acts on (9 by the (co) adjoint action, defining the momentum map n : (9 -• srf = R^ which is the orthogonal projection of (9 onto sf (relative to the metric -K( , ) on ^ ). The image of % is a convex compact polytope, which is the convex hull of the critical values of n . These critical values coincide with the Weyl group orbit <9nstf (see [2, 16, 18, 20] ).
To prove the theorem we will show that the equilibria of the 
Hence K(L 9 N) is monotonie increasing along the flow and is bounded above, since L(t) lies in the coadjoint orbit of a compact group. Thus K(L, N) has a limit and its derivative goes to zero. But we can see that its derivative vanishes only if L and N commute and, since N is regular, L must lie in sf .
We remark that the Toda lattice equations on the level set of all constants of the motion have no equilibria, but if one considers these equations defined on the closure of the Toda phase space, then the equilibria are given by the Weyl group orbit as stated in Theorem 2. From Theorem 2 we can determine that the number of equilibria of the vector field L = [L, [L, N] ] in ff equals the order of the Weyl group.
Detailed proofs and further analysis of the work announced here will appear in [6] . We emphasize again that the image of the Toda flow under the momentum map lies in the interior of the polytope defined in Theorem 2; it does not define a flow everywhere in the polytope. We also point out that with Flaschka in [5] we have analyzed the Kàhler geometry of the Toda flows yielding another convexity theorem. In this situation the Toda flow does map via the momentum map to a flow on the polytope.
